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The Laplacian of the negative exchange-correlation density (with respect to coordinater 2),∇〈r2〉
2[-ΓXC

σ1σ2(r 1,r 2)]
) ∇〈r2〉

2Xσ1σ2(r 1,r 2), is proposed as an instrument for the analysis of electron delocalization in real space. It
determines local concentrations in the amount of electrons that are delocalized from a reference pointr 1 over
space. Integration of the reference coordinater 1 over an atomic basinΩn gives the function∇2Xσ1σ2(Ωn;r ),
which contains detailed information about the spatial shape of the delocalization that originates from an atom
in a molecule. Its isosurface representations are richly structured and resemble molecular orbitals in their
complexity and partly also in their shape. The sum over all∇2Xσ1σ2(Ωn;r ) functions of a molecule equals the
Laplacian of the electron density∇2F(r ), for which it provides a meaningful partitioning into atomic
contributions.

Introduction

Functions such as the electron densityF(r ),1,2 its Laplacian
∇2F(r ),3-6 or the electron localization function (ELF)η(r )7-9

enable the description of electronic structures in real space. The
topological analysis ofF(r ) provides quantum mechanically
exactly defined atomic basins, which are nonoverlapping
volumes in real space, each one associated with an electron
density maximum.1,2 Moreover, the presence of bonding between
two atoms is indicated by the occurrence of (3,-1) critical
points inF(r ).10 Finer details, like the atomic shell structure or
the presence of nonbonded domains (corresponding to the
concept of the lone pair), are revealed by its Laplacian∇2F(r ),
which has the property of determining local concentrations
(∇2F(r ) < 0) and depletions (∇2F(r ) > 0) in F(r ). The ELF
η(r ), which can be related to the local spin pair composition,11

resembles∇2F(r ) in many respects5 but is occasionally more
easy to interpret in chemical terms.

Some of the most important concepts in chemistry, like those
of electron delocalization12 and electron pairing,5,13 are associ-
ated with nonlocal electronic properties. Their description
requires, therefore, functions with dependence on more than one
space-spin coordinate (the latter are denoted by numbers, e.g.,
1 ) r1s1). This work concerns the spatial shape of the electron
delocalization that arises from certain points or volumes within
molecules. Although electron delocalization is most frequently
discussed in terms of molecular orbitals, there are also examples
for its description in real space, which are related to the
exchange-correlation density (vide infra). It will be demon-
strated here that the Laplacian of the latter (whose structure
was not investigated so far) is very well suited for this purpose
and affords remarkably clear visualizations of even subtle details
in electronic structures.

1. Theory

The electron pair densityΓ(1,2) is the diagonal element of
the second-order reduced density matrixΓ(1,2;1′,2′). The latter

is formed from theN-electron density matrix by integration over
all but two space-spin coordinates:14,15

Γ(1,2) can be written as sum of the uncorrelated product of
electron densities and the exchange-correlation densityΓXC-
(1,2):16

Γ(1,2) dV1 dV2 is the probability of finding an electron within
the volume dV1 aroundr1 with spin s1 and another one within
the volume dV2 aroundr2 with spins2. Γ(1,2) is normalized to
the number of distinct electron pairs, which can be formed from
N electrons: 1/2‚N(N - 1).17 Integration over the spin coordi-
nates partitionsΓ(1,2) into four components

with

(σi denotes the spin state).
Due to electron delocalization betweenr1 and r2, the

uncorrelated product of the electron densities at these points
contains fictitious self-pairings, which are removed by the
(negative) exchange parts ofΓXC

RR(r1,r2) andΓXC
ââ (r1,r2), respec-

tively.18 In addition to the dominating exchange, which describes
the electron correlation that arises from the antisymmetry
condition of the Pauli principle (Fermi correlation),ΓXC(r1,r2)† E-mail: geier@uni-wuppertal.de.

Γ(1,2;1′,2′) ) 1
2
N(N - 1)∫d3, ..., dN Ψ(1,2,3,...,N)‚

Ψ*(1′,2′,3,...,N) (1)

Γ(1,2)) 1
2
[F(1) F(2) + ΓXC(1,2)] (2)

Γ(r1,r2) ) ∫ds1 ds2 Γ(r1s1,r2s2) ) ΓRR(r1,r2) +

ΓRâ(r1,r2) + ΓâR(r1,r2) + Γââ(r1,r2) (3)

Γσ1σ2(r1,r2) ) 1
2

‚[Fσ1(r1) Fσ2(r2) + ΓXC
σ1σ2(r1,r2)] (4)
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also contains the effects of Coulomb correlation. The latter is
present for all components ofΓXC(r1,r2); in the case of the
unlike-spin componentsΓXC

Râ (r1,r2) and ΓXC
âR (r1,r2), it is the

single source of correlation.16,18,19The spin-integrated exchange-
correlation densityΓXC(r1,r2) is a quantitative measure of the
electron delocalization from a reference pointr1 over the point
r2 in real space.12,18-28 The magnitude of its integral overr2

thus equals the electron density atr1 (and vice versa):

Its integration, with respect tor1 andr2, over atomic basins1,2

gives, after sign inversion, the number of electrons which are
localized in a particular basin (the localization index) or
delocalized from one atom over another ()1/2 times the
delocalization index).18-26 The sharing indexI(ú,ú′), which
approximates-ΓXC(r1,r2) and equals it at the Hartree-Fock
level, was derived solely from the first-order reduced density
matrix without use of the electron pair density.29-31 Because
ΓXC(r1,r2), defined by eq 2, is generally negative, i.e., small
values correspond to pronounced delocalization and vice versa,
it will be used with inverted sign, under the nameX(r1,r2),
throughout this paper:

The evaluation ofX(r1,r2) along coordinater2 for a fixed
reference pointr1 (or volumeΩ1) reveals a rich structure, which
becomes, however, increasingly uniform the more the reference
point is spatially approached byr2. Delocalization in the vicinity
of the reference point is so extensive thatX(r1,r2) already
resemblesF(r ) in this region. The strong contrast-enhancing
effect of the Laplace operator onF(r ) suggests its application
with respect tor2 (indicated by the subscript〈r2〉) on X(r1,r2).
The resulting function∇〈r2〉

2X(r1,r2), which determines local
concentrations and depletions (vide supra) in the amount of
electrons that are delocalized fromr1 over space, is expected
to provide more clear-cut representations of the basic structure
of electron delocalization. It will be shown that it enables also
a meaningful partitioning of the well-known Laplacian of the
electron density,∇2F(r ), into atomic contributions.

The Hartree-Fock (HF) second-order reduced density matrix
Γ(1,2;1′,2′) is entirely determined by the corresponding first-
order reduced density matrix (γ):14,15

It includes exchange, but no Coulomb correlation; henceΓXC-
(1,2) reduces to a pure exchange densityΓX(1,2), which is given,
after spin integration, in terms of molecular spin-orbitalsæi-
(r ) by

where the sums run over the occupied orbitals only. It has been
demonstrated that this expression is also meaningful with the
Kohn-Sham orbitals obtained from DFT calculations, when the

B3LYP32-35 hybrid functional is used.36,37 Compared to HF
theory, the B3LYP method leads to slightly stronger electron
delocalization.19 In this work, B3LYP orbitals are used instead
of HF orbitals for the calculation of the exchange(-correlation)
density, to perform molecular geometry optimizations and the
analysis of electronic structures, which involves also the
evaluation of properties of the electron density, at the same
theoretical level (molecular structures and electron densities
obtained from B3LYP are superior to those from HF). Inclusion
of Coulomb correlation by means of post-HF methods lowers
the extent of delocalization.19 The analysis of exact pair densities
has been described for CI18,19 and SC25 calculations, but at the
moment the explicit calculation ofΓXC(r1,r2) at post-HF levels
is practically limited, because pair densities are yet not readily
available for many of the correlated methods. In such cases the
exchange-correlation density may be approximated by the
following expression,16,21whereæi(r ) are natural spin-orbitals
andνi are their occupation numbers (except for the sign, it is
identical with the sharing index29-31):

In the case ofνi ) 1 for all i (i.e., in single determinant
calculations) it is identical with the HF expression. The required
natural orbitals and occupation numbers can be obtained for
several post-HF methods, including MP2, QCISD and CCSD,
with popular quantum-chemical software.

Integration of the exchange-correlation densityΓXC(r1,r2)
with respect tor1 over the volumeΩn of atomn (defined by
QTAIM, i.e., the topological analysis of the electron density1,2)
and renaming coordinater2 to r gives the atomic exchange-
correlation densityΓXC(Ωn;r ),38,39which is, after sign inversion,
also called the domain-averaged Fermi hole:27,28,40-43

It describes how the electron population of an atom in a
molecule is delocalized over space. A special method of
extracting information from this function starts with its matrix
representation and involves diagonalization and subsequent
isopycnic transformation of the eigenvectors.27,28,40-43 Depend-
ing on their spatial shape and the associated eigenvalues, the
latter can be related to chemical objects and terms such as core
electrons, bonded or nonbonded electron pairs and free valences
of molecular subunits.

In the above approximation (eq 9, which is exact at the HF
level) ΓXC(Ωn;r ) equals the negative volume-point sharing
index29-31 and is given by

whereS[Ωn] ij are elements of the atomic overlap matrix18 with
respect to Ωn (i.e., the integrals of the orbital products
æi(r )æj(r ) over the basinΩn). Because the division of molecular
space into QTAIM basins is disjoint (i.e nonoverlapping and
complete), summation of allX(Ωn;r ) functions for a molecule

∫dr2 ΓXC(r1,r2) ) ∫dr2 ΓXC
RR(r1,r2) + ∫dr2 ΓXC

Râ (r1,r2) +

∫dr2 ΓXC
âR (r1,r2) + ∫dr2 ΓXC

ââ (r1,r2) )

-FR(r1) + 2‚0 - Fâ(r1) ) -F(r1) (5)

X(r1,r2) ) -ΓXC(r1,r2) (6)

Γ(1,2;1′,2′) ) 1
2
[γ(1,1′) γ(2,2′) - γ(2,1′) γ(1,2′)] (7)

ΓX(r1,r2) ) ΓX
RR(r1,r2) + ΓX

ââ(r1,r2) )

- ∑
i
∑

j

æ/i,R(r1) æj,R(r1) æ/j,R(r2) æi,R(r2)

- ∑
i
∑

j

æ/i,â(r1) æj,â(r1) æ/j,â(r2) æi,â(r2) (8)

ΓXC
≈ (r1,r2) ) ΓXC

R(R+â)(r1,r2) + ΓXC
â(â+R)(r1,r2) )

-∑
i
∑

j

νi
1/2νj

1/2æ/i,R(r1) æj,R(r1)æ/j,R(r2) æi,R(r2)

- ∑
i
∑

j

νi
1/2νj

1/2æ/i,â(r1) æj,â(r1) æ/j,â(r2) æi,â(r2) )

-X≈(r1,r2) (9)

ΓXC(Ωn;r ) ) -X(Ωn;r ) ) ∫Ωn
dr1 ΓXC(r1,r2)|r2)r (10)

ΓXC
≈ (Ωn;r ) ) - ∑

i
∑

j

νi
1/2νj

1/2S[Ωn] ij
Ræi,R(r )æ/j,R(r ) -

∑
i
∑

j

νi
1/2νj

1/2S[Ωn] ij
âæi,â(r )æ/j,â(r ) ) -X≈(Ωn;r ) (11)
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is equal to the integration ofX(r1,r2) over r1 and hence gives
the electron density atr (cf. eq 5). Correspondingly, the sum
of all ∇2X(Ωn;r ) functions for a molecule equals the Laplacian
of the electron density:

The structure of∇2F(r ) is related to the extent of electron
localization (partial pair condensation3) in the vicinity of a point
r , and therefore also to the local concentration of the exchange-
correlation density around this point as reference (r1 ) r ). The
∇2X(Ωn;r ) functions represent hence a meaningful decomposi-
tion of ∇2F(r ) into atomic contributions. They provide a
connection between the direction of the electron delocalization
that arises from a particular atomic basin and the spatial location
of the remaining electrons. In contrast to molecular orbitals,
the exchange-correlation density and its Laplacian are invariant
to unitary transformations and are, therefore, likeF(r ), ∇2F(r ),
η(r ) andI(ú,ú′), unambiguous instruments for extracting infor-
mation from wave functions.

2. Computational Details

The structures of molecules1-8 and10were optimized with
theGaussian 03program package44 at the B3LYP/6-311++G-
(2d,2p) level,32-35 starting with RHF/6-311++G(2d,2p) orbitals
as the initial guess. Cartesian d functions were used throughout.
Unless otherwise stated, all structures are minima according to
their Hessian eigenvalues. The validity of the single reference
calculations was checked in all cases by a stability analysis.45

Molecule9 was optimized with the UCCSD/6-31+G(d) method.46

The B3LYP orbitals or natural orbitals, respectively, and their
occupation numbers were written towfn output files by means
of the Keywords: 6d, DENSITY)CURRENT (for B3LYP) or
DENSITY)CC (for CCSD), OUTPUT)WFN. SeparateR- and
â-orbitals were obtained with the additional Keyword POP)
NOAB.

The topological analysis of the electron density was per-
formed with the programAIM2000,47 which uses thewfn files
as input (in the case of separateR- andâ-orbitals these were
both contained in a singlewfn file). The integrations over atomic
basins were done in natural coordinates with relative and
absolute accuracies of 10-6 (with exception of compound3,
where these values both had to be increased to 10-5). The
magnitudes of the integrals ofL(r ) ) -1/4∇2F(r ) were smaller
than 10-3 au in all cases. The atomic overlap matrix was
obtained from the integration record file.

A Fortran program48 was written, which uses these record
files and thewfn files as input for the calculation of the
exchange-correlation density and its Laplacian over a cubic
grid, according to eqs 9 and 11. The grid values were evaluated
in steps ranging from 0.10 to 0.15 au and were saved incube
format. Graphical representations were generated from thecube
files with the programMolekel.49,50 ELF grids were calculated
with the program packageToPMod.51

3. Results and Discussion

X(Ωn;r ) and∇2X(Ωn;r ) were evaluated for several molecules,
which exhibit different kinds of bond conjugation and electron
delocalization.52 Planar 1,3,5,7-octatetraene1 (Figure 1a) in its
all-trans configuration (C2h) provides the first instance.

It serves as a representative structure for the classicπ con-
jugation found in hydrocarbon chemistry. The negative exchange-
correlation density associated with the basin of a terminal carbon

atom, C1, is displayed in Figure 1b by the isosurface forX(C1;r )
) 0.001 au. It is evident that the electron population of C1 is
delocalized mainly over its immediate vicinity, the correspond-
ing part of the isosurface encloses C1, C2 and their hydrogen
substituents and touches C3. It is difficult to discern any
structure in this region, but at the more remote, even-numbered
atoms C4, C6 and C8 the isosurface is dumbbell-shaped
(resembling p-type atomic basis functions) and its spatial
extension diminishes with increasing distance to C1. At this
particular surface value, there is no indication of delocalization
over the uneven-numbered carbon atoms C5 and C7. This
alternating intensity ofX(C1;r ) at atoms following each other
along the chain is a consequence of the antisymmetry of the
N-electron state; i.e., it is a manifestation of the Pauli exclusion
principle. A comparison with Figure 1f, which displays an
isosurface of the Laplacian of the electron density (∇2F(r ) )
-0.25 au), shows that the dumbbell-shaped regions of the
X(C1;r )-surface at C4, C6 and C8 fit approximately into the
space between core and valence shell charge concentrations of
these atoms. This is in line with the expectation that delocal-
ization over remote atoms will avoid regions of local charge
concentration. The integrals ofX(C1;r ) over atomic basins, i.e.
the localization index or the delocalization indices times1/2,
respectively, are given in Table 1.

The Laplacian ofX(C1;r ) is displayed in Figure 1c-e by
means of the isosurfaces for∇2X(C1;r ) ) -0.0001,-0.005
and -0.25 au, respectively. It is apparent from the first one

Figure 1. (a) 1,3,5,7-Octatetraene1 (C2h; C-C bond lengths in Å).
(b) X(C1;r ) ) 0.001 au. (c)∇2X(C1;r ) ) -0.0001 au. (d)∇2X(C1;r )
) -0.005 au. (e)∇2X(C1;r ) ) -0.25 au. (f)∇2F(r ) ) -0.25 au. (g)
Dotted gray surface:∇2F(r ) - ∇2X(C1;r ) ) -0.01 au; black surface:
∇2X(C1;r ) ) -0.01 au.

∇2F(r ) ) ∑
n

∇2X(Ωn;r ) (12)
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(Figure 1c) that the fundamental structure of the delocalization
originating from C1 resembles very much the classical concept
of π conjugation. The surface encloses the connection lines
between C1 and the directly bonded atoms, corresponding toσ
delocalization (over the hydrogen atoms) andσ + π delocal-
ization (over C2). On the more remote atoms it consists mainly
of two separate parts, each located on opposite sides of the
molecular plane, corresponding toπ delocalization. Furthermore,
it extends much more between two doubly bonded atoms than
between two singly bonded ones, in accord with theπ system
being the principal track for remote delocalization. The isos-
urface value of Figure 1d (-0.005 au) is appropriate for
comparison with the originalX(C1;r )-function (Figure 1b). The
most pronounced differences concern the immediate vicinity
of C1. This region now resembles the corresponding region of
∇2F(r ) in Figure 1f, with which it would be identical if no
electrons from other atoms would be delocalized over C1; Figure
1e, which has the same isosurface value as the one used for
∇2F(r ) in Figure 1f (-0.25 au), demonstrates this similarity.
The decrease in spatial extension of the isosurface with
increasing distance from the reference basin inX(C1;r ) is also
found in∇2X(C1;r ), but it is much less pronounced. Figure 1g
shows how ∇2X(C1;r ), represented by the black surface,
contributes according to eq 12 to the Laplacian of the electron
density, the dotted surface belongs to∇ 2F(r ) - ∇2X(C1;r ).

π Delocalization along a planar chain of alternating single
and double bonds will become interrupted, if the chain is twisted
around a single bond by 90°. 3-Vinyl-1,3,5-hexatriene2, with
the 3-vinyl group oriented perpendicular to the C6 chain,53 is a
model structure for this effect (Figure 2a).

Figure 2b shows the negative exchange-correlation density
associated with the terminal carbon atom C6 by the isosurface
for X(C6;r ) ) 0.001 au. Its structure along the planar chain,
from C6 to C1, is essentially identical with the one for
octatetraene1 (cf. Figure 1b). The surface extends not over the
perpendicularly oriented 3-vinyl group. This interruption of
delocalization is also apparent from the integrals ofX(C6;r ),

which are 0.013 and 0.002, respectively, for the two different
terminal carbon atoms C1 and C8 (cf. Table 1). The Laplacian
of X(C6;r ), which is displayed in Figure 2c by the isosurface
for ∇2X(C6;r ) ) -0.005 au, clearly preserves this quantitative
difference between both parts of the chain.

For the triple bond system analogous to1, 1,3,5,7-octatetrayne
3 (Figure 3a), the delocalization originating from a terminal
carbon atom is visualized in Figure 3b by the isosurface for
X(C1;r ) ) 0.001 au.

Its main features, i.e., alternating intensity and overall
decreasing extension with increasing distance to the reference
atom, are similar to those of1, but the closed parts of the surface
at C4, C6 and C8 are of toroidal shape. The integrals (Table 1)
indicate considerably stronger remote delocalization than in
octatetraene1, on even-numbered atoms (C4, C6, C8) it is larger
in size by a factor of 1.6-1.9. The Laplacian ofX(C1;r ),
displayed in Figure 3c with∇2X(C1;r ) ) -0.0005 au, likewise
contains the toroidal regions around C4, C6 and C8. In addition,
there are three54 small tori in vicinity of, but not directly around,
C3 and C5, which are the residuals of delocalization over these
uneven-numbered atoms, in the case of which the Pauli principle
interferes (vide supra).

TABLE 1: Values of ∫Ωmdr X(Ωn;r) for 1 -10 (Reference
Basin Ωn in Italics)

1 C1 C2 C3 C4 C5 C6 C7 C8
4.033 0.868 0.039 0.046 0.004 0.015 0.001 0.008

2 C1 C2 C3 C4 C5 C6 C7 C8
0.013 0.003 0.047 0.040 0.872 4.029 0.003 0.002

3 C1 C2 C3 C4 C5 C6 C7 C8
4.070 1.232 0.050 0.086 0.007 0.028 0.002 0.013

4 C1 C2 C3 C4 C5 C6 C7 C8
3.913 0.496 0.025 0.006 0.001 0.000 0.000 0.000

5 C1 C2 C3 C4
3.947 0.693 0.037 0.052

6 C1 C2 C3 C4 C5 C6 C7 C8
0.135 0.027 0.025 0.026 0.050 0.724 3.946 0.501

6 C1 C2 C3 C4 C5 C6 C7 C8
0.026 0.034 0.688 3.926 0.688 0.034 0.026 0.008

7 S1 N1 S2 N2 S3
13.182 0.646 0.062 0.064 0.213

7 N1 S2 N2 S3 N3
6.431 0.646 0.086 0.064 0.039

8 C1 C2 C3
4.164 0.486 0.373

9 Cl1 Cl2 O1 O2
R 8.024 0.259 0.054 0.026
â 8.017 0.260 0.056 0.031

9 Cl1 Cl2 O1 O2
R 0.054 0.026 3.709 0.347
â 0.056 0.031 3.068 0.480

10 C1 C2 Li1
4.811 0.032 0.043

10 Li1 Li2 C2
1.968 0.001 0.043

Figure 2. (a) 3-Vinyl-1,3,5-hexatriene2 (C1; C-C bond lengths in
Å). The 3-vinyl group is oriented perpendicular to the hexatriene chain.
(b) X(C6;r ) ) 0.001 au. (c)∇2X(C6;r ) ) -0.005 au.

Figure 3. (a) 1,3,5,7-Octatetrayne3 (D∞h; C-C bond lengths in Å).
(b) X(C1;r ) ) 0.001 au. (c)∇2X(C1;r ) ) -0.0005 au.
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In case of the corresponding saturated compound, octane4
(Figure 4a), one expects no pronounced delocalization along
the chain.

The negative exchange-correlation density originating from
the terminal carbon atom C1 is visualized in Figure 4b by the
isosurface forX(C1;r ) ) 0.001 au. In contrast to the analogous
surfaces for1-3 it extends only until C4 and the integral over
the basin of the latter (Table 1) is 7.7 times lower than the
corresponding value for1. The Laplacian ofX(C1;r ) in Figure
4c (∇2X(C1;r ) ) -0.005 au) preserves this limited spatial
extension.

The archetypical conjugated system benzene55 5 (Figure 5a)
resembles, as expected, octatetraene1 in the qualitative shapes
of X(C1;r ) and its Laplacian (Figure 5b,c) but differs from it
quantitatively.

In particular, the integral (Table 1) ofX(C1;r ) over the basin
of the para carbon atom (C4) is 13% larger than the corre-
sponding one in1.56

It is evident from the analysis of1-5 that the structures of
the negative exchange-correlation density and its Laplacian
contain remarkably clear, orbital-independent information about
electron delocalization, which is essentially in accord with the
basic concepts of conjugation. Particularly instructive is the
application ofX(Ωn;r ) and ∇2X(Ωn;r ) in the context of less
common electronic interactions, such as the phenomenon of
homoconjugation. The homotropylium cation6 is regarded as

a cyclically conjugated, homoaromatic system, based on ener-
getic and magnetic criteria.57,58a Its nonplanar structure is
displayed in Figure 6a.

It is assumed that homoconjugation occurs directly through
the space between C1 and C7, which are separated by a
methylene unit (C8). In the isosurface forX(C7;r ) ) 0.0145 au
(Figure 6b) one recognizes a small droplet-shaped region that
extends straight ahead (i.e., not along the detour of the bonds
C7-C8 and C8-C1) in the direction of C1. The integral of
X(C7;r ) over the basin of C1 (Table 1) amounts to 0.135, i.e.,
the delocalization index, the number of electrons delocalized
from C7 over C1 and vice versa, is 0.270.18,19The corresponding
Laplacian in Figure 6c (∇2X(C7;r ) ) -0.01 au) contains
dumbbell-shaped regions at the remote carbon atoms C1-4 and
the largest one is found at the homoconjugated C1. A striking
view, with obvious similarities to the molecular orbital model
of homoconjugation,58 is obtained by choosing C4 as the
reference basin. The isosurfaces forX(C4;r ) ) 0.001 au (Figure
6d) and for∇2X(C4;r ) ) -0.005 au (Figure 6e) show two
pronounced dumbbell-shaped regions at C1 and C7, which melt
together and form a single region along the presumed direction
of homoconjugation upon further lowering of the magnitude
value of ∇2X(C4;r ) (Figure 6f). Despite thisthrough space
delocalization associated with C1 and C7, the topological
analysis of the electron density1,2 gives no (3,-1) critical point10

between them; i.e., there is no bonding present (this finding
was termedno bond homoaromaticity58). Correspondingly, the
electron localization function (Figure 6g)59 and the Laplacian

Figure 4. (a) Octane4 (C2h; C-C bond lengths in Å). (b)X(C1;r ) )
0.001 au. (c)∇2X(C1;r ) ) -0.005 au.

Figure 5. (a) Benzene5 (D6h; C-C bond length in Å). (b)X(C1;r ) )
0.001 au. (c)∇2X(C1;r ) ) -0.005 au.

Figure 6. (a) Homotropylium cation6 (Cs; C-C distances in Å). (b)
X(C7;r ) ) 0.0145 au. (c)∇2X(C7;r ) ) -0.01 au. (d)X(C4;r ) ) 0.001
au. (e)∇2X(C4;r ) ) -0.005 au. (f)∇2X(C4;r ) ) -0.0005 au. (g)
Electron localization function,η(r ) ) 0.80. (h)∇2F(r ) ) -0.60 au.
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of the electron density (Figure 6h) contain no maxima between
C1 and C7.60

Tetrasulfur tetranidride7 (Figure 7a) can be regarded as a
conjugated ring system featuring additional transannular interac-
tions between opposite sulfur atoms: the S-N bond length is
within the normal range, but the S1-S3 (S2-S4) distance (2.743
Å; experimental value: 2.60 Å61) is significantly larger than
for usual S-S single bonds (e.g., 2.05 Å for polysulfides62).

Nonetheless, there are (3,-1) critical points present inF(r )
between such opposite sulfur atoms. The∇2F(r ) isosurface in
Figure 7b (∇2F(r ) ) -0.25 au) exhibits crescent-shaped regions
in the valence shell charge concentration of the sulfur atoms.
These cover both the nonbonded “lone pair” electron density
and the S-S bond,63 whereas unique separated regions are
present in direction of the S-N bonds.64 The electron population
of S1 is primarily delocalized not only over the adjacent nitrogen
atoms N1 and N4 but also over the opposite S3 atom, as
indicated by the isosurface forX(S1;r ) ) 0.005 au in Figure 7c
(the integrals are 0.646 over N1/N4 and 0.213 over S3; cf. Table
1). This surface is almost absent at S2 and S4 (integral: 0.062),
although they have nearly the same spatial distance (2.750 Å)
to the reference basin (S1) like S3. As indicated by the bond
critical point (rb) properties, the transannular S1-S3 bond (F-
(rb) ) 0.046 au;∇2F(rb) ) 0.038 au; kinetic energy per electron
G(rb)/F(rb) ) 0.387 au) is clearly different in character from
the S1-N1/N4 bonds (F(rb) ) 0.227 au;∇2F(rb) ) -0.399 au;
G(rb)/F(rb) ) 0.590 au). For the S1-S3 bond, these properties
are characteristic of neither typicalshared2 (F(rb) large;
∇2F(rb) negative;G(rb)/F(rb) below unity) nor ionicclosed shell2

interactions (F(rb) small; ∇2F(rb) positive; G(rb)/F(rb) above
unity). Such differences between S-N and S-S bonding are
not immediately apparent from the shape ofX(S1;r ). The
Laplacian of the latter provides a more detailed view. Figure
7d displays the isosurface for∇2X(S1;r ) ) -0.015 au. Its shape

along the polar S-N bonds should be contrasted with the case
of homoatomar C-C bonds in1-6. The surface between a
reference C atom and a directly bonded C atom is rather
uniform, but ∇2X(S1;r ) and ∇2X(N1;r ) (Figure 7f) feature a
pronounced constriction between sulfur and nitrogen. This is
in accord with the polar character of the S-N bond. On the
other hand,∇2X(S1;r ) exhibits even a gap along the unpolar
S1-S3 bond (∇2X(S1;rb) ) 0.004 au). It contains, however,
two rather large closed regions in front of and behind,
respectively, S3. Hence, despite significant delocalization from
S1 over S3 (cf. Table 1), there is, in contrast to normalshared2

bonding, no local continuous concentration in the amount of
delocalized electrons along the bond vector. The delocalization
of electron density from the nitrogen atoms is mainly concen-
trated over the adjacent sulfur atoms. There are no significant
transannular interactions, as indicated by the isosurfaces for
X(N1;r ) ) 0.005 au (Figure 7e) and∇2X(N1;r ) ) -0.015 au
(Figure 7f). The integral ofX(N1;r ) over the basin of the
opposite N3 atom amounts to only 0.039 (Table 1) and there
are no corresponding (3,-1)-critical points present inF(r ).

The central C1-C3 bond of [1.1.1]propellane8 (Figure 8a)
is another, rather unusual case of unpolar bonding with positive
∇2F(rb).65

The latter amounts here to 0.100 au, although the electron
densityF(rb) is quite high: with 0.185 au it approaches the range
of usual C-C single bonds (cf. C1-C2: F(rb) ) 0.234 au,
∇2F(rb) ) -0.384 au; C1-C2 in 4: F(rb) ) 0.239 au,∇2F(rb)
) -0.502 au). The isosurface forX(C1;r ) ) 0.05 au (Figure
8b) appears similar in shape for the two different kinds of C-C
bonds and the integral over C3 is with 0.373 only 23% lower
than over C2 (0.486; Table 1). The corresponding Laplacian
(Figure 8c: ∇2X(C1;r ) ) -0.1 au) shows, however, a clearly
different structure for the central C1-C3 bond. As in the case
of transannular S-S bonding in7 (vide supra), the surface is
interrupted along the bond vector, although in this caserb is
still located within the negative region (∇2X(C1;rb) ) -0.022
au). A substantial part of the∇2X(C1;rb) surface extends behind
C1, away from C3. In line with this,∇ 2F(r ) shows “lone pair”-

Figure 7. (a) Tetrasulfur tetranitride7 (D2d; bond lengths in Å). (b)
∇2F(r ) ) -0.25 au. (c)X(S1;r ) ) 0.005 au. (d)∇2X(S1;r ) ) -0.015
au. (e)X(N1;r ) ) 0.005 au. (f)∇2X(N1;r ) ) -0.015 au.

Figure 8. (a) [1.1.1]Propellane8 (D3h; C-C bond lengths in Å). (b)
X(C1;r ) ) 0.05 au. (c)∇2X(C1;r ) ) -0.1 au. (d)∇2F(r ) ) -0.3 au.
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like nonbonded regions (Figure 8d) at the bridgehead atoms
C1 and C3 (the corresponding maxima in-∇2F(r ) are located
on the C1-C3 vector in a distance of 0.50 Å to the respective
nuclei).

The trapezoid-shaped Cl2O2
+ cation 966 (Figure 9a) is an

example for a spin polarized system.
The geometry of this radical (ground state:2A2) was

optimized with an unrestricted coupled cluster method [UCCSD/
6-31+G(d)] and the exchange-correlation density was ap-
proximated by eq 9 (Cl2O2

+ cannot be treated with UB3LYP66).
Its very long Cl-O bonds (2.493 Å; experimental value: 2.43
Å;66 cf. 1.47 Å in ClO2

67) suggest the formal description as a
weak adduct of parallel aligned [Cl2] and [O2] units. The charges
(QTAIM) of chlorine and oxygen are similar, amounting to
+0.272 and+0.228, respectively, but the spin population (the
difference of R- and â-electron populations of the QTAIM
basins: NR-Nâ) is associated almost entirely with oxygen,
where it amounts to+0.501 (chlorine:-0.001). Figure 9c shows
an isosurface of the Laplacian of the spin density,∇2FR(r ) -
∇2Fâ(r ) ) -0.01 au (for comparison∇2F(r ) is displayed in
Figure 9b). It extends mainly around the oxygen atoms, where
it forms two dumbbells that resemble an out-of-planeπ-type
orbital (at surface values of lower magnitude there appear
additional wheel-shaped regions around the chlorine atoms, cf.
Figure 9d). Hence spin polarization in9 occurs essentiallyout
of the molecular plane, in the basins of the oxygen atoms. It
follows that, if the delocalization from chlorine over the oxygen
atoms takes place mainlyin the molecular plane, there will be
no pronounced difference in behavior regarding theR- and
â-electron populations. The similar isosurfaces forXR(R,â)≈(Cl1;r)
and Xâ(â,R)≈(Cl1;r ) in Figure 9e,f indicate this to be case.
Correspondingly, the integrals (Table 1) are with 0.054 and
0.056, respectively, almost identical for theR- andâ-reference
electron populations. The same holds for the delocalization from
oxygen over the essentially not-spin-polarized chlorine atoms,
but it does not hold for the delocalization between two oxygen
atoms.XR(R,â)≈(O1;r ) is expected to extend at O2 morein than
out of the molecular plane, because of the predominance of
R-electron densityout of the plane. This is vaguely discernible
in the isosurface ofXR(R,â)≈(O1;r ), when compared toXâ(â,R)≈

(O1;r ) (Figure 9g,h), but the integral over O2 is significantly
smaller for theR- (0.347) than for theâ-reference population
(0.480). The Laplacians of the above functions are displayed
in Figure 9i-l. It is evident that transannular delocalization
occurs primarilyin the molecular plane: the isosurfaces for

∇2XR(R,â)≈(Cl1;r ) and∇2Xâ(â,R)≈(Cl1;r ) (Figure 9i,j) resemble in-
plane π-type orbitals at the oxygen atoms. The surfaces for
∇2XR(R,â)≈(O1;r) and∇ 2Xâ(â,R)≈(O1;r) in Figure 9k,l demonstrate
the difference betweenR- andâ-reference electron populations
for the delocalization between the oxygen atoms: the surface
for theR reference population of O1 in Figure 9k clearly avoids
the space above and below O2 (whereR electron density
predominates), in contrast to the case of theâ reference
population in Figure 9l.

Tetrameric methyllithium (LiCH3)4 (10) (Figure 10a) provides
an example for ionic bonding.68

Its structure is best described as a distorted heterocubane and
the charges (QTAIM) of lithium, carbon and hydrogen are
+0.870,-0.615 and-0.085, respectively. There are bond paths
between lithium and carbon atoms (withF(rb) ) 0.026 au and
∇2F(rb) ) +0.113 au), but not between the lithium atoms
themselves. The isosurface for∇2F(r ) ) -0.01 au in Figure
10b shows clearly separated regions of electron density con-
centration for the cations and anions. As indicated by the surface
for X(C1;r ) ) 0.002 au in Figure 10c, the electron population
of the carbon atoms is mainly delocalized over the hydrogen
atoms. The corresponding surface for the lithium atoms,X(Li1;r)
) 0.002 au in Figure 10d, is less extended and the integral over
C1 (Table 1) is with 0.043 very small. The Laplacians ofX(C1;r)
andX(Li1;r ) in Figure 10e,f show large gaps between anions
and cations and indicate that there is no local continuous
concentration in the amount of delocalized electrons along the
Li-C bonds.

4. Conclusions

The structure of∇〈r2〉
2 X(r1,r2) contains detailed information

about the fundamental shape of electron delocalization in real
space. Integration of the reference coordinater1 over an atomic
basinΩn, which leads to the function∇2X(Ωn;r), is a particularly
useful way of its practical application. The qualitative investiga-

Figure 9. (a) Cl2O2
+ 9 (C2V; bond lengths in Å). (b)∇2F(r ) ) -0.4

au. (c)∇2FR(r ) - ∇2Fâ(r ) ) -0.01 au. (d)∇2FR(r ) - ∇2Fâ(r ) ) -0.003
au. (e)XR(R,â)≈(Cl1;r ) ) 0.002 au. (f)Xâ(â,R)≈(Cl1;r ) ) 0.002 au. (g)
XR(R,â)≈(O1;r ) ) 0.002 au. (h)Xâ(â,R)≈(O1;r ) ) 0.002 au. (i)∇2XR(R,â)≈-
(Cl1;r ) ) -0.01 au. (j)∇2Xâ(â,R)≈(Cl1;r ) ) -0.01 au. (k)∇2XR(R,â)≈-
(O1;r ) ) -0.01 au. (l)∇2Xâ(â,R)≈(O1;r ) ) -0.01 au.

Figure 10. (a) Methyllithium tetramer10 (Td; bond length in Å). (b)
∇2F(r ) ) -0.01 au. (c)X(C1;r ) ) 0.002 au. (d)X(Li1;r ) ) 0.002 au.
(e) ∇2X(C1;r ) ) -0.01 au. (f)∇2X(Li1;r ) ) -0.01 au.
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tion of ∇2X(Ωn;r ), e.g., by means of isosurface plots as above,
reveals many relevant spatial properties of electron delocaliza-
tion in molecules.∇2X(Ωn;r ) is advantageously used together
with X(Ωn;r ) (the latter, for example, in integrated form as
delocalization indices18,19,25), which provides quantitative in-
formation. It should be kept in mind that the actual shape of
delocalization is given byX(Ωn;r ). Its Laplacian∇2X(Ωn;r )
determines local concentrations withinX(Ωn;r ) and is hence
better suited for the analysis of its basic structure. In this sense,
one may regard plots of∇2X(Ωn;r ) as representations of a
fictitious scaffolding, along which the actual amount of delo-
calized electrons spreads in space.

Supporting Information Available: Cartesian coordinates
of the calculated structures1-10. This material is available free
of charge via the Internet at http://pubs.acs.org.

References and Notes

(1) Bader, R. F. W.Atoms in Molecules- A Quantum Theory; Oxford
University Press: Oxford, U.K., 1990.

(2) Bader, R. F. W.Chem. ReV. 1991, 91, 893.
(3) Bader, R. F. W.; Heard, G. L.J. Chem. Phys.1999, 111, 8789.
(4) Gillespie, R. J.; Bayles, D.; Platts, J.; Heard, G. L.; Bader, R. F.

W. J. Phys. Chem. A1998, 102, 3407.
(5) Bader, R. F. W.; Johnson, S.; Tang, T.-H., Popelier, P. L. A.J.

Phys. Chem.1996, 100, 15398.
(6) Malcolm, N. O. J.; Popelier, P. L. A.Faraday Discuss.2003, 124,

353.
(7) Becke, A. D.; Edgecombe, K. E.J. Chem. Phys.1990, 92, 5397.
(8) Noury, S.; Colonna, F.; Savin, A.; Silvi, B.J. Mol. Struct.1998,

450, 59.
(9) Savin, A.; Nesper, R.; Wengert; S.; Fa¨ssler, T. F.Angew. Chem.,

Int. Ed. Engl. 1997, 36, 1808.
(10) Bader, R. F. W.J. Phys. Chem. A1998, 102, 7314.
(11) Silvi, B. J. Phys. Chem. A2003, 107, 3081.
(12) Bader, R. F. W.; Streitwieser, A.; Neuhaus, A.; Laidig, K. E.;

Speers, P.J. Am. Chem. Soc.1996, 118, 4959.
(13) Lewis, G. N.J. Am. Chem. Soc.1916, 38, 762.
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